I. INTRODUCTION

C
ARDIAC tissue is made up of layers or "sheets" of cardiac fibers that consist of myocytes connected with gap junctions. It is well known that electrical conduction is faster along (longitudinal l) the fibers than across (transverse t) the fibers within a sheet of tissue. In addition, a recent study [1] has shown that conduction is even slower between (normal n to) the sheets of fibers. This and a study by Hooks [2] challenged the long-standing viewpoint that held that conductivity in the normal direction was the same as conductivity in the transverse direction.
The most commonly used model of electric potential in the myocardium is the bidomain model [3] , where the tissue is represented by two interpenetrating domains (intracellular i, extracellular e), within which the tissue properties are averaged. For more detail, see the review by Henriquez [4] . Since the use of simulation studies of cardiac electrophysiological phenomena is becoming increasingly widespread, and given that anisotropy in Manuscript received July 27, 2015 ; revised September 23, 2015 ; accepted October 30, 2015 . Date of publication November 5, 2015 ; date of current version June 16, 2016 .
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Digital Object Identifier 10.1109/TBME.2015.2498144 the two domains affects the propagation of a wavefront in the tissue, as well as the time course of the action potential, it is important that as much information as possible about cardiac tissue parameters, in particular the bidomain conductivities, is determined. Due to the difficulties associated with making and interpreting the results [5] , only three experimental sets of four conductivity values (g ab , a = i, e and b = l, t) exist. However, these are inconsistent in value (see Table I , columns 1-3) and produce different epicardial potential distributions when used to model partial thickness ischaemia [6] - [8] .
In addition, since recent experimental work [1] , [2] , [9] , [10] has shown that cardiac tissue is not transversely isotropic (i.e., g in = g it and g en = g et ), this means that sets of six cardiac conductivities (g ab , a = i, e and b = l, t, n) are required to describe conduction in the bidomain model. However, such sets of values have yet to be experimentally determined. The two sets that are available in the literature are [11] , which is based on the work of Foster and Schwan [12] , and Hooks [2] , are also inconsistent in value (see Table I , columns 4 and 5) and produce different results when used in simulations [8] .
In an effort to overcome these difficulties for the four conductivity datasets, Roth [16] produced a "nominal" set of four conductivities, as well as two other four conductivity datasets that were based on equal and reciprocal anisotropy, to be used when comparing simulations. Other groups who have recently used a theoretical approach to estimate sets of four conductivities include Stinstra et al. [17] and Hand et al. [18] . It is apparent that what is needed now is a similar "nominal" dataset but containing six rather than four conductivities and that is the subject of this work.
In order to produce his dataset, Roth [16] required values for the parameters α = g il /g el and λ l /λ t , which is the ratio of the space constants in the l and t directions and is the same as the ratios of the conduction velocities. He settled on a value of 2.5 for λ l /λ t by averaging the results of eight experimental studies, which range from 2.1 to 3.1. More recent studies [19] - [22] also give values that fall in this range. Finding a value for α is more challenging as the studies quoted in [16] have values that range between 0.13 and 1.2, with a mean of 0.45 ± 0.48. Roth initially comments [16] that "we cannot determine even which space, intracellular or extracellular, has the highest longitudinal conductivity," but based on the experimental work of Kleber et al. [23] , [24] , he decided that 1 was an appropriate value for α.
Clearly, these difficulties are compounded when we consider conductivity in the normal direction as well. Two recent studies have provided some new information: the first by measuring conduction velocities in the three directions l, t, n [1] and the second by combining intramural electrical mapping with computer modeling based on experiments to determine the ratio of the bulk conductivities (g ib + g eb , b = l, t, n). In each case, the ratios were found to be approximately 4:2:1, in the directions l : t : n. Another recent study based on experimental measurements and numerical reconstruction of tissue microstructure also finds a similar bulk conductivity l : t ratio of 2.1:1 [25] .
The above l : t : n results are used here as the basis of a novel method that produces mathematical formulae that give normalized conductivity values, depending on the values that are chosen for α and ρ = λ l /λ t . Information about conductivity values and ratios, plus Roth's method [16] , is given in Section II, while Section III develops the new method. A new six bidomain conductivity dataset is proposed in Section IV and a study is then presented on the effect on the normalized conductivity values of varying α and ρ, as well as the effect on simulations of partial thickness ischaemia. The paper ends with conclusions in Section V.
II. BACKGROUND
A. Roth's [16] Four "Nominal" Conductivities
In his 1997 paper [16] , Roth developed a set of four "nominal" conductivity values, based on average values for the experimentally determined parameters α and , as well as the ratio λ l /λ t . The latter values are the space constants in the l and t directions
where p = l, t, n, R is the membrane resistance and β is the surface to volume ratio. The other two parameters are defined as [16] α = g il g el (2) and
Values for these parameters for the three experimental studies of Clerc [13] , Roberts et al. [14] , and Roberts and Scher [15] , as well as the six conductivity datasets of MacLachlan et al. [11] and Hooks [2] are given in Table II . Roth's work was based on averaging the results for from the experimental studies (columns 1-3, = 0.75) and taking α = 1 and λ l /λ t = 2.5. Using the formulas (where the prime indicates normalization with respect to g il ) [16] 
leads to Roth's nominal conductivity values:
B. Extension of Roth's [16] Approach to Six Conductivities
If this approach is extended to try to find values for the conductivities in the normal direction, g in and g en , we obtain
where ν = g in /g en . If the value of λ l /λ n = 3.9, from the study of Hooks et al. [10] , is used, then it only remains to find a value for the ratio ν to complete the analysis. Since neither g in , g en nor their ratio has been measured experimentally, no such determination is possible by this method. However, it is instructive to use the MacLachlan et al. [11] and Hooks datasets [2] to get an approximate value for ν, with the caveat that the values for g in and g en in the two datasets differ considerably (see Table I ) and the fact that the values have not been fully experimentally determined.
Since the values for g en of 0.41 and 0.45, respectively, are reasonably consistent, we use their mean together with λ l /λ n = 3.9 to give ν ≈ 0.08 [see (7)] and thus g in = 0.036 [see (6) ].
It should be noted, however, that Roth's nominal conductivity values are calculated with = 0.75 and this is not correct for these datasets, where the values are approximately 0.6 and 0.9, respectively (see Table II ).
III. NEW APPROACH TO FINDING SIX CONDUCTIVITY VALUES
A. Theory
An alternative approach to the above is to use the recent studies of Hooks et al. [10] and Caldwell et al. [1] , which produced ratios of bulk conductivities and conduction ratios, respectively, in the three directions l : t : n. In both cases, the ratios were determined to be approximately 4:2:1 and these two results will now be used as the basis of a new approach to finding a set of six conductivity values (g ab , a = i, e, and b = l, t, n). (8) and the ratio of space constants [see (1) (9) we see that
Given that the ratio of conduction velocities in the directions
Assuming that the ratio of the conduction velocities in the three directions c l : c t : c n is 4:2:
Further, assuming that the bulk conductivities are also [10] in this ratio, that is, g il + g el : g it + g et : g in + g en = 4 : 2 : 1, means that
using (10) and (11) . Squaring (9) with p = l and q = t gives (15) and similarly
Finally, from these and (10) and (11), we conclude that g il g el g it g et = 8 and
B. Comparison With Previous Studies
The first point to note is the fact that the work in Section III-A is based on the experimental studies of Hooks et al. [10] and Caldwell et al. [1] , and their results for the ratios of bulk conductivities in the longitudinal and transverse directions (g il + g el : g it + g et ≈ 2 : 1) agree with the Hooks and MacLachlan et al. datasets (see Table II , columns 4 and 5) but do not agree with the three experimental datasets (see Table II , columns [1] [2] [3] , where the ratio is approximately 3:1. Note that in Table II , the notations g +b = g ib + g eb and g ×b = g ib g eb are introduced for brevity. Now, if we note that conductivity in either domain is greatest in the longitudinal direction, followed by the transverse direction, and finally the normal direction (see Table II [15] and MacLachlan et al. [11] , and while the values for the other datasets are not substantially larger than 8, it can be seen (see Table II ) that the product g ×l /g ×t = g i l g e l g i t g e t is close to 8 only for Roberts and Scher [15] . Similarly, the only dataset for which 1 < g i t g i n < 8 and g i t g e t g i n g e n = 8 is the Hooks dataset (see Table II ).
C. Generalised Theory
In this section, it will still be assumed, as in Section III-A, that the ratios of bulk conductivities are equal to the ratios of conduction velocities (and therefore the space constants) in the three directions. However, these ratios will be represented by the parameter ρ rather than the value 2. Previous work [7] , [27] has found that nondimensionalizing the governing equation [see (25) ] for the passive bidomain model with respect to g it + g et leads to a formulation involving the bulk conductivity ratios g +l /g +t and g +n /g +t , as well as the naturally occurring ratios g il /g it , g et /g it , and g in /g it . In keeping with this, here the conductivities will be normalized with respect to g it rather than g il as in Roth's [16] work (see Section II-A). Here, this normalization will be indicated by the use of a prime in the following fashion, that is, g il here, rather than g il as in Section II-A.
Rewriting the first equation in (17) in the new notation gives
Writing (20) and from (19), we have
Since g i l +g e l g it +g e t = ρ, substituting (20) , (21), and g it = 1 into this equation leads to a quadratic in g el whose solution is
The choice of the positive square root in (22) and (24) is discussed in Section IV-A. In addition, starting with g i t +g e t g i n +g e n = ρ and g i t g e t g i n g e n = ρ 3 and following a similar process gives
where
2ρ 4 .
(24) Thus, given values for α and ρ, (20) - (24), along with g it = 1, can be used to provide a set of six normalized conductivity values.
Finally, a variant of the above is examined. In this, it is assumed that the ratio of the conduction velocities and bulk conductivities is equal, as above, but it is not assumed that this ratio is the same in each pair of directions, that is, and following the same process leads to similar but slightly different equations for (23) and (24), since they now involve both ρ 1 and ρ 2 . This scenario will not be explored further in this work, but it is possible that it may be useful if future experimental studies give results that fit with these assumptions.
IV. RESULTS AND DISCUSSION
A. Values for Six Conductivities
If α is taken to be 1 (as in [16] ) and ρ = 2 (as in Section III-A), the six normalized conductivity values are approximately: g il = 6.8, g it = 1, g el = 6.8, g et = 5.8, g in = 0.23, and g en = 3.2. Additionally, if these are scaled so that g it is equal 0.35, which is the average value for the three experimental studies (see Table II Comparison of these values with previous work (see Table I ) indicates that these values lie in a sensible range, and in fact, the g in and g en values are the same as those of Hooks [2] . This is possibly not surprising as the Hooks values were initially chosen to be consistent with their experimental work and their longitudinal conductivity values give α = 1. Also, the values for g in = 0.033 and ν = g in /g en = 0.07 are quite similar to those found in Section II-A, namely 0.036 and 0.08, respectively.
To compare these l and t conductivity values with Roth's [16] nominal values (see Section II-A), it is necessary to scale them relative to g il rather than g it . If this is done, the above values become: g il = 1, g it = 0.15, g el = 1, and g et = 0.85. Here, g il and g el agree with Roth (since α = 1 in both cases) and g it is reasonably similar to Roth's value of 0.10. The significant difference is in the value for g et , which is 0.4 in Roth's study and 0.85 here. Since Roth's value is based on the average experimental value for (see Table II , columns 1-3) and a space constant ratio of 2.5, rather than 2 (see Section II-A), the difference is not unexpected. In fact, a similar study [28] that used the average value of g i l +g e l g i t +g e t = 3.2 rather than , from the same three experimental studies, found a somewhat higher value of 0.525 for g et .
It should be noted that if the negative square root is chosen in (22) and (24) , then the following conductivity values (with g it = 0.35 as above) are found: g il = 0.4, g it = 0.35, g el = 0.4, g et = 0.06, g in = 0.19, and g en = 0.01 mS/cm. However, it is not suggested that these values be used since five of the six are approximately an order of magnitude smaller than previous studies (see Table I ).
In fact, an argument may be made for rejecting the solution with the negative square root because in that case ρ > 1 means that g et < g it , and this is not consistent with previous studies (see Table I ). 
B. Variation in Sets of Six Conductivity Values
Given that previous studies have found a wide range of values for α = g il /g el (see [16] and discussion in Section I) and the fact that it is not even known whether α is greater or less than 1, the next part of this work is a study into the variation in the conductivity values with α. The various nominal conductivity values are plotted across a range of α values between 0.2 and 2, for ρ = 2 (see Fig. 1 ). Similar plots (not presented) are also prepared for ρ = 1.8 and ρ = 2.2. In each case, it is found that the g in values are consistent across the full range of α values, and the g en and g et values are fairly constant for α > 0.6. This is not the case for g it and g et , which are, of course, related by α with g il = αg el .
To examine the variation in the conductivities with ρ, similar conductivity ratios are presented for α = 1.2 for a range of ρ values between 1.5 and 2.5 in Fig. 2 . The plot (and similar ones for α = 0.8 and 1.0) shows that g in and g en vary little across the range of ρ values, but this is not true for the other conductivities.
C. Conductivity Ratios
If we use the original assumptions of Section III-A, that is, the ratios for bulk conductivities and conduction velocities are 4:2:1 in the l : t : n directions, then ρ = 2, and it is possible to obtain consistent conductivity ratios in certain cases. This is due to the fact that the values for g in , g en , and g et are fairly constant across a wide range of α values (see Section IV-B), for a given ρ value. Since we also have g it = 1, it makes sense to use these consistent ratios to study the relative conductivities in the normal and transverse directions. Fig. 3 , and
plotted over a wide range of α values, and it can be seen that the ratios are all fairly constant over the range 0.6 ≤ α ≤ 1.6, say, with
and g e t g e n constant over the whole range. Based on this, we can see that:
, and g e t g e n ≈ 2. This indicates, for example, that conductivity in the transverse direction relative to the normal direction is approximately twice as large in the intracellular domain as in the extracellular domain and, also, that the extracellular to intracellular conductivity ratio in the normal direction is more than twice the same ratio in the transverse direction.
D. Effect of Conductivity Values on Epicardial Potential Distributions
Previous work [8] , [27] has considered the effect of using the Hooks and MacLachlan et al. datasets (see Table I ) in bidomain models of partial thickness ischaemia. We will now compare the epicardial potential distributions produced with these datasets with the distribution produced with the proposed six conductivity dataset from Section IV-A, as well as the effect of the different conductivity datasets that come from varying α and ρ in (20) - (24) in Section III-C.
The model used is the same as in previous work [8] , [27] , [29] , [30] , that is, an (x, y, z) coordinate system is set up at the center of a finite rectangular slab of cardiac tissue, with the epicardium as the xy plane and the the epicardial cardiac fibers parallel to the x-axis. In the z-direction, the endocardium is attached to a blood mass of finite size, which is much larger than the tissue thickness. The electric potential in the blood is governed by Laplace's equation.
The electric potential in the slab of cardiac tissue, which has a square ischaemic region at its center, is calculated during the ST segment of the electrocardiogram, using the passive bidomain equation [31] (25) where φ e is the extracellular potential in the cardiac tissue and φ m is the given transmembrane potential distribution. The conductivity tensors for the extracellular and intracellular spaces, M e and M i , respectively, incorporate fiber rotation of 120
• between the epicardium and the endocardium and due to the alignment of the fibers on the epicardial surface with the x-axis (see discussion in [29] ), the tensors are 3 × 3 matrices of the form
where a = i or e, c = cos( . A region of partial (50%) thickness ischaemia, with sides parallel to the x-and y-axes, extends from the endocardium toward the epicardium. The epicardial surface is assumed to be insulated, as are the x and y edges of the tissue and the blood mass, with the potential at the bottom of the blood equal to 0. It is also assumed that the potential and current are continuous between the tissue and the blood mass.
In this study, the cardiac tissue is modeled as a block of size 16 cm × 16 cm × 1 cm, with a blood mass of depth 25 cm and a centrally placed ischaemic region of 4 cm × 4 cm × 0.5 cm, with sharp ischaemic borders, and the transition between normal and ischaemic tissue described by exponential and hyperbolic functions [29] . The potential difference between normal and ischaemic tissue is taken to be −30 mV. The model is solved [30] using the finite volume method, with 61 × 61 × 101 = 375 821 nodes and 360 000 hexahedral finite volumes. Full details of the model and solution method are given in [30] .
Epicardial potential distributions for various datasets are presented in Fig. 4 , where the blood conductivity g b is taken to be 6.7 mS/cm [32] , unless otherwise indicated. The various panels are for the datasets of (a) MacLachlan et al. [11] (b) MacLachlan et al. [11] (with g b = 2.4 mS/cm) and (c) Hooks [2] . Panels (d)-(f) use conductivity ratios found from (20)- (24), with ρ = 2 and (d) α = 0.6, (e) α = 1, and (f) α = 1.4. In these panels, positive potentials are represented by solid lines, negative potentials by dashed lines, and the zero of potential by a thicker solid line. Except for panel (a), each of the panels shows the same general form, which is a patch of positive potentials above the ischaemic region, surrounded by two potential wells. This reflects key features of experimental work in sheep [33] . It is interesting that the MacLachlan et al. dataset produces realistic epicardial potential distributions [panel (b)] only if the value blood conductivity value g b is taken to be 2.39 mS/cm as in their study [11] , but not if the value of 6.7 mS/cm is used, as in panel (a).
The differences between the panels have been quantified by determining both the correlation coefficient and the relative error between the particular panel and panel (e) (where ρ = 2 and α = 1). The correlation coefficient CC is given by where φ 1 and φ 2 are vectors that represent the two epicardial potential distributions and φ j , j = 1, 2, is the mean of these. The relative error RE is found by calculating
where φ 1 is panel (e). Values for CC and RE are given in the caption for each panel, and it can immediately be seen that there is low agreement between panels (a) and (e), with CC = 0.402, RE = 1.36. The high qualitative agreement between panel (e) and panels (b)-(d) and (f) is reflected in CC values of 0.950, 0.995, 0.988, and 0.985, respectively. However, there are differences in the magnitudes of the potentials in the various panels and this can be seen in the RE values of (e) with: (b) 0.36, (d) 0.33, and (f) 0.41. On the other hand, the RE value for (e) (ρ = 2, α = 1) with (c) Hooks is 0.10, to go with the CC value of 0.995, indicating that there is a close agreement between the distributions produced by the two datasets.
Two more epicardial distributions are produced, for α fixed at 1 and ρ = 1.8 and ρ = 2.2, to examine the effect of varying ρ. These two plots (not presented) are qualitatively similar (CC = 0.91 and 0.97, respectively) to those in Fig. 4(e) , with quantitative differences giving RE values of 0.46 and 0.27, respectively.
In summary, the various datasets considered here, (ρ = 2 with α = 0.6, 1, 1.6), (α = 1 with ρ = 1.8 and 2.2), (MacLachlan with g b = 2.39 mS/cm), and Hooks, all produce epicardial potential distributions of a similar form with ST elevation above the ischaemic region, surrounded by two potential wells. The main difference between the plots lies in the values for the maximum and minimum potentials and the range between these. While the most similar plot to the proposed new dataset (Section IV-A with ρ = 2, α = 1) is the Hooks dataset, varying α from 0.8 to 1.2, with ρ fixed as 2, also does not make a significant difference to the epicardial potential distributions (with CC = 0.997, RE = 0.14 for α = 0.8 and CC = 0.997, RE = 0.17 for α = 1.2).
V. CONCLUSION
The purpose of this work was to find a consistent set of six nominal conductivity values for use in simulations of cardiac tissue using the bidomain model. New formulas (dependent on α = g il /g el and ρ = λ l /λ t ) for sets of six normalized conductivities were developed under the assumption that the bulk conductivities and the conduction velocities divide in the same ratios in the three (l, t, n) directions. For Hooks et al. [10] and Caldwell et al. [1] , this is 4:2:1 giving ρ = 2.
This study has shown that, for a fixed ρ, the normalized normal and transverse conductivities are representative of a wide range of α values, meaning that it is possible to compare conductivities in these directions with some confidence. For example, with ρ = 2, we find g en /g in ≈ 14, g et /g it ≈ 6, g it /g in ≈ 4, and g et /g en ≈ 2, indicating that the ratio of extracellular to intracellular conductivity is much greater in the normal direction than the transverse direction and also that the ratio of the transverse to normal conductivities is much greater in the intracellular domain than in the extracellular domain.
If α = 1 (consistent with the work of Roth [16] ) and g it = 0.35 (the mean of the three experimental studies in columns 1-3 in Table I ), with ρ = 2, this gives the six bidomain conductivity set proposed here: g il = 2.4, g el = 2.4, g it = 0.35, g et = 2.0, g in = 0.08, and g en = 1.1 mS/cm.
Simulations of partial thickness ischaemia, using these values, produce epicardial distributions showing elevation above the ischaemic region between two potential wells, in accord with experimental observations, and when α is in the range 0.8-1.2, there is little difference in the epicardial distributions produced. This leads to the suggestion that the proposed nominal six conductivity dataset should be suitable for use in bidomain simulation studies of cardiac electrophysiological behavior.
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